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Abstract--Geometric a oustics provide a perspicuous approximation to the solution of the Helmholtz 
equation when the wavelength  is much less than the smallest representative scale length, usually that 
characterizing variation with depth. It can be combined with a boundary-layer analysis near caustics to 
provide a comprehensive solution. Near caustics, where geometric acoustic rays cross their neighbors, 
the boundary-layer solution in terms of Airy functions permits asymptotic matching of amplitudes of the 
rays entering and emerging from the boundary layer. Numerical results are compared to the exact wave 
field in a model problem. 
1. INTRODUCTION 
In the high-frequency limit the established approximation technique for the monochromatic wave 
equation governing ocean acoustics i  geometric acoustics[ 1 ]. The theory of geometric acoustics 
is presented here in a formulation which allows the calculation of the amplitude by integration 
along a single ray, rather than a bundle of rays. 
It is also shown how geometric acoustics can be used to develop a system of Lagrangian 
coordinates, or ray coordinates, which may be used in place of the usual Eulerian coordinates 
to transform the wave equation. The transformed equation has a single-valued solution. The 
multiple-valued character of geometric acoustic field quantities due to multiple passes of geo- 
metric acoustic waves through a single field point appears only in the transformation back to 
Eulerian coordinates. The unapproximated lliptic equation for the amplitude has a markedly 
reduced spatial variation wherever geometric acoustics is valid, since the short-wavelength 
structure has been factored out. The Lagrangian formulation lends itself in a transparent way 
to an improved parabolic approximation. Certain problems associated with shadow regions 
exterior to caustic surfaces remain to be analysed. 
2. GEOMETRIC  ACOUSTIC  ANALYSIS 
Consider the Helmholtz equation, 
V2cb + (to2/c2)d~ = 0, c = c(r). (1) 
In the approximation of geometric acoustics, one seeks a solution of the form 
~b = a e ;~, (2) 
where all of the rapid oscillation of the field is accounted for in the exponential phase factor, 
and the amplitude a has variation on the same length scale as the medium properties. Let 
k(r, t) = V~(r, t). (3) 
Then (1) implies 
(to2/c 2 - k2)a + i(2k" ~'a + aS7 • k) + ~'2a = 0. (4) 
Let us seek a solution such that the local wavelength is much less than the scale length for 
variation of a: 
21rc/to ,~ IV In al-1 (5) 
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This suggests that, to the lowest order, the coefficient of a in (4) vanishes, whence 
k = IV¢] = ~/c(r) .  (6) 
The nonlinear, first-order partial differential equation (6) can be solved by Lagrange's method 
of characteristics. To wit, one introduces rays by means of 
= kc /k ,  r(0) = ro, (7) 
whence (6) implies that along such a ray 
= -kVc, k(ro) = ko(ro) = Vo¢(ro), 
+ = kc, ¢(ro) = ¢o(ro). 
(8) 
(9) 
If we neglect the ostensibly small term VZa in (4), we obtain 
& + a(c2/2to)V • k = O, a(ro) = ao(ro). (10) 
It can be shown that if 
J = O(r)/O(ro), (11) 
then 
a = a(ro)c/ Jc(ro) .  (12) 
To compute J along a ray it is convenient to introduce the quantities 
A = Vor, 
B = Vok. 
(13) 
(14) 
Then 
J = det A, (15) 
and differentiation of (7) and (8) with respect o ro yields 
= A .  V(c:/o~)k + (c2/to2)B, A(r0) = I, 
B = -A  • V( ( to /c )Vc) ,  B(r0) = Vok0. 
(16) 
(17) 
Equations (7)-(10), (16) and (17) are a closed system of 26 ordinary differential equations, the 
numerical solution of which yields r, k, ¢, a and J along any desired ray. This geometric 
acoustical approximate solution fails in the neighborhood of any surface J = 0. If, however, 
(1) is solved approximately in a thin boundary layer straddling the surface J = 0, it is readily 
seen that in traversing the boundary layer, in which the rays remain well defined, the complex 
amplitude of the wave emerging from the boundary layer is related to the amplitude of the wave 
impinging on the boundary layer through multiplication by - i .  Since rays come in families 
which may be reflected or refracted through a point r several times, one has to add coherently 
the contributions of all rays at each r. 
The mapping r = r(r0) generated by (7) and (8), on elimination of t, suggests a trans- 
formation of the independent variables which may yield an exact or approximate counterpart 
of (1) more amenable to numerical solution because the fine-scale variations have been removed. 
To this end, one takes (4) with the term VZa retained and transforms to r0 as the independent 
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variable. Then, on using the identity 
7 o • [J(~Tro)V] = 0 
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(18) 
and the chain rule. one can show that (4) is carried into 
i~7 o • [(1/J)A~ • A, • ~7oa] = 2k • A,,- tToa + a A,,:(~7ok), (19) 
where A~ denotes the adjoint of A--that is, the matrix of which the elements are the cofactors 
of their counterparts in A- - the superscript T denotes transpose, and the double dot notation 
indicates a double tensor contraction. 
Equation (19) remains to be analysed completely, but preliminary considerations suggest 
that for a two-dimensional example it may be directly soluble, since a is presumably slowly 
varying on the scale of 2'rrc/to. Moreover, if one neglects on the left side components of V0 
parallel to k • Aa, then there results a parabolic approximation. When the left side is neglected, 
we have the geometric optics approximation previously described. The system of rays must be 
augmented with a set that covers the other side of the caustic surface where J = 0, and the 
jump conditions implied by (19) on the caustic remain to be found. 
4. GEOMETRIC  ACOUSTICS  APPLIED TO A MODEL OCEAN SOUND PROBLEM 
As a computational example, the geometric acoustic field has been evaluated for a simple 
model problem in ocean acoustics and compared with an exact solution. The problem is that 
of a vertical, straight-line source radiating in a vertically stratified ocean. The ocean bottom is 
considered to be flat and very soft, and in cylindrical coordinates the wave field has nontrivial 
structure in only two dimensions. Thus, the mathematical task is to construct axially symmetric 
approximate solutions to (1) exterior to the cylinder with radius r0, subject to the conditions 
+(r, z = 0) = 0, (20) 
+(r, z = L:) = 0, (21) 
and given the values of the solution on the boundary cylinder 
cb(r = r o, z) = f (z ) ,  (22) 
where the solution is assumed already to have achieved its asymptotic form in the radiation 
zone. For large values of radius the condition of outgoing radiation is applied. 
Because the ocean properties are taken to be independent of range, Eq. (1) may be solved 
by separation of variables. We are at liberty to choose boundary data on the inner cylindrical 
surface corresponding to one of the simple, separable solutions 
ebb(r, z) = Z. (z)H~(~l . r )  (23) 
in order to simplify the determinations of both the exact and approximate solutions, since our 
purpose is merely to compare the two results. Here, the Ho are the zero-order Hankel functions 
of the first ( + ) and second ( - ) kinds, and Z, is the solution of the vertical eigenvalue problem 
O2.Z, + (to2/c2(z) - "¢2)Z, = 0, n = 0, 1 ,2  . . . . .  (24) 
A simple sound-speed epth profile is chosen, 
0.)2/C2(Z) = Q(1 - ~ cos (~z)), (25) 
and the inhomogeneous coefficient in Eq. (24) for n = 2 is shown in Fig. 1. The function Z2 
is shown in Fig. 2. 
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Fig. 1. lnhomogeneous coefficient in the equation determining Z,.(z). 
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Fig. 2. The vertical eigenfunction Z:(z). 
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Fig. 3. Geometric acoustics phase function along the ray launch surface, r = r,. 
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Since the vertical eigenfunctions may be chosen to be real, the geometric acoustic ap- 
proximation will consist of two nearly planar waves of the form (2). Proper boundary data 
for the waves is obtained by use of the WKB solution of the vertical Eq. (24). The WKB phase 
function, which must satisfy the usual WKB quantization condition arising in eigenvalue prob- 
lems, is shown in Fig. 3. The WKB solution of (24) leads naturally to two families of rays 
emanating from the surface r -- r0: one with an upward direction, and one with a downward 
z 
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Fig. 4. Geometric acoustics rays associated with d~Z(r, z). 
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Fig. 5. Comparison of geometric acoustics field and exact field according to contours of constant field 
magnitude, l~bt. 
direction. The rays encounter vertical turning points where J = O, and each point in the domain 
of solution has two rays passing through it, as shown in Fig. 4. The fields associated with these 
rays must be added coherently to determine the total field at each point. Field points will in 
general not lie at the intersection of two rays actually traced from the boundary, and it is 
therefore necessary to interpolate between neighboring rays within a ray family. 
5. NUMERICAL  RESULTS 
The geometric acoustic approximation to +~ has been computed numerically and is char- 
acterized in the Figs. l -5. Figure 5 shows a direct comparison of the geometric acoustics 
approximation with the exact solution of the Helmholtz equation, ebb. The approximation is
seen to be excellent, except in the upper and lower regions of the graph, which are close to 
caustic surfaces corresponding to the vertical turning points of the rays. 
The following parameter values have been used or determined: 
Q = 4.0 × 10 -I m -z, 
Lr = 3.0 × 104 m, r0 
,,/2 _ Q = 2.1 × 10 -~m -2, 
8 = -2 .0  x 10 -3 , L: = 1.0 x lO s m, 
= 2.0 × 103m, t~ = 2"rr/L:, 
zo = 2.9 × 102m. 
6. CONCLUSIONS 
The numerical results indicate that the geometric acoustic approximation provides a pow- 
erful method fbr evaluating acoustic wave fields in inhomogeneous media in the case in which 
the acoustic wavelength is small compared to the distances over which the medium properties 
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vary appreciably. The method breaks down in the neighborhood of caustic ~urfaces, where a 
boundary-layer analysis usually can be applied to correct the error, and the method can only 
be applied far from the source where the field has an asymptotic form. This last circumstance 
is consistent with the great virtue of the method as a means of extending, with little loss of 
accuracy, an exactly determined wave-field solution, computed with outer I~oundary at the 
interior edge of the radiation zone, through inhomogeneous domains containing very many 
wave oscillations. 
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